Abstract-The manipulability ellipsoids are proposed in robotics as a measure of manipulators' performances achievable during tasks execution. The definition of these geometrical entities is based on the Jacobian of the manipulator, and the physical meaning given to the ellipsoids is related to the capability of the mechanism to apply forces with the end effector or to move the tool in some directions of the task-space. This concept has been recently extended to the case of cooperating manipulators. Nevertheless, some questions are still open, both with respect to the basic definition and use of manipulability ellipsoids. Moreover, some problems are found by using a technique proposed in literature for their extension to a multiarm system.
I. INTRODUCTION
The concept of manipulability ellipsoids has been proposed by Yoshikawa in 1983 as a measure for the determination of a manipulator's capability of executing a specified task [l], [2] . As it is well known, for single manipulators the manipulability velocity and force ellipsoids are defined by means of quadratic relations based on the Jacobian matrix J ( q ) of the considered manipulator. The velocity ellipsoid is defined by k T J t T J t z 5 1 while the force ellipsoid is defined by where j : and F are the velocity and force vectors in task space, q and T the corresponding vectors in joint space, and J t a pseudoinverse of the Jacobian. (1)-(2) represent the mapping of the two unit spheres qT q 5 1, T~ 7 5 1, of the joint velocity/force spaces into the corresponding task spaces, in which they define two ellipsoids. The preferred directions in which tasks may be accomplished are given by the principal axes of the ellipsoids, and may be computed with a singular value decomposition of the Jacobian matrix. The velocity/force ellipsoids do not give exact numerical information about the maximum force/velocity value which may be applied by the manipulator, but rather they suggest directions in which the mechanical system performs better. In fact, the difference between the direction suggested by this technique and the one in which the manipulator has the maximum performances may be relevant.
In the literature, two main approaches are known for extending the concept of manipulability ellipsoid to the case of multiple-arm systems, as robotic hands, cooperating manipulators, or walking robots, see [3] and [4] respectively. In particular, in [3] it is proposed to build the Jacobian of the cooperating system properly composing the Jacobian matrices of the single manipulators and modeling the Manuscript received and revised April 6, 1992 . The authors is with DEIS, Dipartimento di Elettronica Informatica e Sistemistica, Universitl di Bologna, Via Risorgimento 2,401 36 Bologna, Italy.
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cooperation through the grasp matrix W . For example, considering two cooperating robots with Jacobian matrices J I and J z , the matrix
where J = [Jd (4) being 0 null matrices of proper dimensions, is suggested as Jacobian of the system. The matrix W is built considering tight grasps, i.e., complete constraint contacts for each end-effector. In our opinion, three basic problems may arise in the evaluation of the kinetostatic capabilities of manipulators with the ellipsoids approach, in particular when cooperating devices are taken into consideration. One of these problems is inherent to the technique presented in [3] , while the others have a more general connotation. Specifically:
difficulties and problems are encountered if a proper model of the interaction between the manipulated object and the robots, or among the robots, is not taken into account, i.e., the cooperation adds constraints to the kinetostatic capabilities of the single robots, and these additional constraints have to be properly considered in the definition of any manipulability index of a cooperating system; it is not clear how to define metric quantities in the sixdimensional (6-D) nonhomogeneous force/velocity spaces in which the manipulators operate; the above mentioned difference between the direction given by the ellipsoids and the one in which the manipulator has the maximum performances may be noticeable, especially in the case of cooperating manipulators, and this fact may be somehow confusing. this comment these difficulties are considered, and it is shown by means of simple examples how problems may easily arise. The conclusion is that other approaches to the determination of performance measures for cooperating manipulators need to be defined. Examples can be the polytopes approach, [5] , or new techniques, based for example on the kinematic analysis presented in [6].
CONSTRAINTS GIVEN BY THE INTERACTION
The mobility of the system (or dually the possibility of force application) may significantly change depending on the contact type. Therefore, during task execution involving cooperation, the constraints given by the type of interactions between the manipulated object and the robots should be considered explicitly in the definition of the kinetostatic properties of the system. Moreover, the same fact of being cooperating gives additional constraints to the manipulators, which should be properly taken into account in the evaluation of the capabilities of the system.
Following the approach presented in [3] one may obtain results, in terms of applicable motions and velocity computed by the manipulability ellipsoids, which are incompatible with the physical mechanical structure of the single manipulators. Four examples of this problem are reported and discussed in the following. 
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It is evident that no motion may be executed with the two mechanism in contact, and that in any case not every motion is allowed to the extremity of a link, but only instantaneous motions in the direction perpendicular to the link itself. Nevertheless, the velocity ellipsoid suggests that a motion of the object (in this case the "object" consists of the two end-effector in contact) may be achieved in any direction of the task space, without any preference. In this case this technique indicates that the kinematic deficiencies of a link may be in some extent compensated by the motion capabilities of the other, thereof enhancing the cooperation between the two devices, even if this is not physically possible.
Example 2: In the example shown in Fig. 2 , one of the robots has 2-DOF. Now, it is evident that motion is achievable only in one direction, i.e., perpendicular to the last robot. In the figure, the velocity ellipsoid is shown, indicating that the preferred direction for the system is almost perpendicular (the angle is 89.31") to the feasible one.
Even if these examples do not respect the assumption nz 2 m made in [3] , they are reported here to show the type of problems that may arise using this technique. More complex examples may easily be found, respecting the condition but giving wrong results. it is not enough to suppose the number of joints of each manipulator equal or greater than the task space dimension, as assumed in [3] .
Finally, note that in the example of 3 the feasible motions of a grasped object would be affected by the assumed contact model. Complete constraint contacts, for example, would imply no motion capabilities for the system. A soft-finger model, i.e., a contact in which a resultant force and a torque about an axis perpendicular to the contact surface may be applied, would lead to the conclusion that it is possible to apply velocities along the y-axis. With a hard-finger contact, i.e., a contact in which only a resultant force can be applied, only motions along the y-axis may be applied, but the object is also free to rotate about some axis in space.
To make a comparison, the polytopes approach, [5] , gives the correct answer in each example. Assuming an hard-finger contact model, in the first case, Fig. 1 , the velocity polytope reduces to a point, i.e., to the intersection of the possible velocities for the two separate links (no motion is possible to the system), while in both the second and third case, (Figs. 2 and 3 , respectively) a segment is obtained.
Example4:
The importance of a correct definition of a proper contact model may be appreciated also taking as example the case reported in Fig. 4 of [3] . In this case, two 2-DOF planar manipulators hold an object, see Fig. 4 (in the original drawing, a circular object is used, here substituted with a rectangular one for clearness). If the contacts are realized by means of grippers, as assumed in [3], one expects that only an instantaneous motion along the horizontal direction is allowed to the object, not also along the vertical direction, as the velocity ellipsoid indicates: in fact in this case the velocity ellipsoid should degenerate to a line.
METRIC PROBLEMS
A further, more general, problem that may arise with the manipulability ellipsoids approach relates to the difficulties encountered in the definition of the metric concepts implied by this technique. Several papers, see for example [7] -[lo], have discussed the problems deriving from the fact that the 6-D velocity and force spaces (three linear and three rotational components) in which the manipulators operate are not Euclidean spaces. Therefore, before using any concept such as "length" of a vector, or "distance" between two points, or "perpendicularity" of two lines, and so on, a meaningful metric should be defined in the considered space. Without such a definition, it is easy to show how different results may be obtained for a given problem with a change of the reference frame and/or of the dimensional units, leading to possible misinterpretation of the results. Several examples of these difficulties are reported and discussed in the above mentioned papers.
I v . FURTHER COMPARISONS OF MANIPULABILITY
ELLIPSOIDS AND POLYTOPES As previously mentioned, the manipulability ellipsoids suggest optimal directions in the task space from the point of view of the ratio of output and input velocities/forces, while the polytopes give the real directions in which maximum performances are achieved. We believe that a direct comparison of the results given by the two techniques, in cases in which the ellipsoids are well defined, may be of some interest. Example 6: Let us examine now two cooperating 2-DOF planar manipulators, with a passive contact between the two robots modeled as an hard-finger contact. In Fig. 6 the velocity polytope and the velocity ellipsoid are shown. Also in this case, the difference between the results given by these approaches is noticeable. The best directions 
V. CONCLUSION
We agree that manipulability ellipsoids are an elegant and relatively simple approach for the analysis of the capabilities of maniputdors, but unfortunately they may give misleading results, as has been shown here by means of simple examples. These examples highlight three problems in the definition and use of the velocity/force ellipsoids. One is relative to a technique, presented in [3] , for the extension of the manipulability ellipsoids to the case of multiarm systems, a second is based on the metric problems in the 6-D force and velocity spaces, and the last one is relative to the interpretations of the results given by this method.
In particular, the problems deriving from an incomplete consideration of the interactions during cooperation seem to seriously limit the applicability of this approach to the analysis of general cooperating systems. Moreover, it is evident from the examples discussed in this comment that when the Jacobian of at least one of the manipulators is not full rank-a case that is more than of academic importance in the practice-wrong results are obtained.
An alternative technique for the determination of the manipulation capabilities of cooperating robots may rely upon the polytopes approach. Indeed this technique, expressing the true capabilities of each arm, allows the evaluation of the actual possibilities of the system. However, even with this technique a complete description of the interactions of the manipulators/object system, taking into consideration different types of contact models, is not simple, and other methods, such as the one preliminarly presented in [6] , should be exploited.
